The mixing of pollutants in rivers, lakes, and reservoirs because of turbulence and spatial non-uniformities in the velocity field considerably influences the fate of these materials . Mixing is an important factor when controlling water quality independently , whether it be a question of the deoxygenation, thermal pollution, contamination by heavy metals , or eutrophication -issues that have been central research themes of the Resources and Environment Area at IIASA over the past few years. This article considers transverse mixing in rivers, a phenomenon of great importance for wide rivers. A new approach is presented and tested on the basis of a wide range of experiments, from laboratory flumes to large natural rivers such as the Danube. 
Introduction
An understanding of the concentration distribution of pollutants discharged into the recipients, in other words of the mixing process, is of paramount importance in solving pollution control problems in site selection of effluent discharges and water diversions, in designing fresh-water-cooled power stations, as well as in planning a water quality observation network. Under the conditions that the velocity field and diffusion coefficients are known, furthermore that the effluent is discharged with the same velocity and density as in the ambient water, the process is described by the equation of turbulent diffusion. Additional simplifications are made in the majority of problems by the main feature of river geometry (width>> depth), as a result of which uniformity over depth occurs usually within a short distance, the phenomena being thus reduced to one of transverse mixing. In most of the cases steady flow and pollutant release can be also assumed. All these assumptions allow description of the mixing process by the two-dimensional, steady-state equation of turbulent dispersion as it was done by Holley [4] , Yctsukara and Sayre (20] and others.
As demonstrated by Sayre and Chang (12] available, and easier to solve numerically for determining the concentration field. These have prompted Fischer to introduce the stream tube concept [3] , (11) , (19] , Yotsukara and Cobb (18] the cumulative discharge, Chang [2] , Yotsukara and Sayre (20] , further Somlyody (13] the orthogonal, curvilinear system of coordinates following the bend conditions. Further modification was suggested by Somlyody [15] upon introducing the stream-lines of the mass density vector field, the concept and equations of the mass streamline.
The coefficient of transverse mixing involved in the governing equation is in general inaccessible to theoretical determination, since it reflects the effects of both turbulence and non-uniformities over depth, and is found in the majority of cases by tracer measurements. Systematical experiments have provided the means for studying the dispersion coefficient in correl<J.tion with the principal hydraulic and geometric variables. In this respect the works of Bansal [1] , Paal et al. [10] , Krishnappen and Lau [7] , Lau and Krishnappen [8] , further of Muszkalay [9] are to be mentioned.
The estimation of the dispersion coefficient from a known concentration field may be termed an inverse problem, the solution of which becomes necessary after the completion of tracer measurements. Here the development of a method of sufficiently general validity is considered desirable. The perhaps most frequently adopted approach is the change of moment method generalized by Holley [4] , [5] .
Objective
The aims of the present paper are i) to derive the equations of the mass streamline and to present the main characteristics thereof, ii) to develop numerical methods for solving the two problems mentioned before, iii) to apply these methods on artificial and natural streams of different size and character, finally iv) to investigate the limitations of the two-dimensional approach.
Governing equations

The equation of turbulent diffusion
Under the assumptions mentioned in the foregoing the continuity equation
related to the mass density vector J = CV-can be written in a curvilinear, orthogonal system of coordinates (x,y) following more-or-less closely the curvatures of the stream (Fig . 1 ay my (2) This is the familiar, two-dimensional equation of turbulent dispersion (c.f. Yotsukara and Sayre [20] ). Here c is concentration, vx and v:Y are the local velocity components, Dy is the local dispersion coefficient, h the local now depth, while mx and my are the metric coefficients. The overbar above a symbol indicates averaging over time, while the wave-line a depth integrated value. The overbar will be omitted subsequently, unless it is considered essential.
The (s,b) system consisting of the streamlines and the trajectories perpendicular thereto, of the vector field ~ is defined hereafter (Fig. 1 ). The streamlines are described by two equations (vx i 0, ll q/ay i 0):
and dy aq/ ax ---
dx a q/a y indicating that i) the vector v is at every point the tangent of the streamline and ii) the change in the cumulative-discharge q =} myh vx dy' along the streamline is zero. In this system of coordinates the Y1 transverse convective term is logically eliminated and Eq. (2) assumes the form (5) An additional advantage is that the boundary condition (zero mass transfer) along the bankline is simpler to formulate.
The mass stramline and the equations thereof
Considering the formal similarity between the continuity equation of flow Q,iv (h 'iJ = 0 and Eq. (1) it appears logical to trace the streamlines of the vector field J (these will be termed mass streamlines) and the expressions thereof corresponding to -Eqs. (3) and (4) . Adopting a similar approach ( 
In this way we have succeeded in describing the mass streamline by two equations, which are suited to determining the concentration field and the mass streamlines simultaneously. The solution of the problem is thus equivalent to the solution of Eq. (2).
The difference between the two sets of streamlines is readily appreciated from Eq. (7) and Fig. 2 . The angel a is composed of two parts, the first of which, a is the angle included by the vector v and the coordinate line, and is characteristic of 1he flow. The second, am is the spreading angle, which varies from point to point (it can be demonstrated to be always less than 90°) and is determined by the mixing process taking place in the flow.
In the (s,b) system of coordinates tanaq = 0 and the expressions assume the following simplified forms:
Evidently, Eqs, (6) and (10) are modified accordingly and simplifications become possible also by introducing the cumulative discharge.
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Since at the banks no perpendicular mass transfer takes place, from Eq. (11) 0 (13) follows, while on the upstream side of the river section ~(o,b) and thus
is given.
Properties of the mass streamline and the mixing process
The tangent of the spreading angle am according to Eq. (11) is proportionate to the product Dt;/l c/a b. The wider the angle am, the more intensive is mixing. The contours of a plume starting from a pollution discharge (see e.g. Fig. 6 ) are bounded by mass streamlines. The extreme mass streamlines approach gradually the banks and even adhere to these, as expressed by Eq. (13) . Hereafter the banks become not only streamlines, but also mass streamlines. Since the mass flux between two adjacent mass streamlines, thus in a mass flux tube remains always constant, the longitudinal change in concentration is due to a change in the flow rate within the mass flux tube (see later). Approaching uniform conditions a c'/ab-> 0' so that am ..... 0 and the mass streamlines tend to the streamlines.
Computation of the concentration field and the mass streamline
Solution scheme
Consider the curved edge of the river section examined assuming the (s,b) system of coordinates, as well as all quantities involved in the solution to be available as functions of s and b. Using the method of finite differences the transverse trajectory s = 0 (j = 0) has only been subdivided into equidistant discrete elements along the definition domain of the function c(O,b). The mass streamlines which emerge from the points indexed i resulting in this way have been determined as described before. The concentration values have been obtained at the mid-points k of the mass flux tubes formed by the adjacent mass streamlines. The longitudinal increment b. s · is not necessarily a constant one, it may be fixed in advance, or varied by steps on the basis of the stability condition (see later).
In general, the approximations to the mass streamlines are computed first between the trajectories j and (j+l) within the section b.Sj ( Fig. 3 ) with the help of Eq. (11). Here both an explicit and implicit scheme were developed based on three neighbour points and the previous one was found sufficiently accurate for practical purposes (this is of first order accuracy longitudinally and second order transversally). Once the j and (j+l) approximations to the mass flux tubes have been determined, the term ck j=l is found from a simple mass balance expression [ Fig. 3 and see also Eqs. (8), (10), and (12)]:
The numerical scheme thus derived is conditionally stable having a similar condition as the usual explicit central difference scheme for Eq. (5) (for details see (15] ).
Boundary conditions
The boundary condition c(O ,b) is assumed to be available from a near-field solution, or from measurement. Where this is not the case and a point source is considered, the condition c(O,b) can be obtained from an analytical solution of Eq. (5) for the immediate surroundings of the source.
Up to the point where the plume reaches the bank, the extreme mass streamlines are found by including the first, or last three computational points. After the water edge is reached, the boundary conditions are satisfied with the help of reflected points.
Main features of the numerical method
The common feature of the familiar difference methods is that the number of points at which the concentration is other than zero tends to increase together with the value of j. Thus in the vicinity of a point source, where 3c/cl b is high, a few points are only considered, and then gradually more as the distribution becomes more uniform. Additionally, the edge of the plume depends greatly on the type of discretization adopted.
In the present method, as in the flow tube approach, the grid is in general non-uniform and the concentrations are obtained at the centers of the mass flux tubes. The number of points included in the calculation is equal along each s = const. line. The results yields approximations of the mass streamline conforming to the physical particulars.
Detailed comparison between numerical and analytical solutions of Eq. (5) showed the appropriateness of the method outlined above (15) .
Computer representation and data need
Two computer programmes were elaborated, one as a research tool while the other rather application oriented. The latter is based on geometrical data for cross-sections usually available in hydrologic data banks, a coupled model to compute the free surface profile and then h(s,b) and different empirical relationships [for Db, Vs(b) and the effect of bends).
The data need of the model is the same as e.g. that of the cumulative discharge method (20) and naturally the accuracy of model results essentially depends on the available knowledge of velocity distribution and dispersion coefficient for the river stretch considered (the application part of this paper involves some information in this respect).
The required detailedness of geometric data depends on the uniformity of the river section studied, this is especially true if the pollutant is discharged in the near bank region.
Solution of the inverse problem: calculation of Db
The aim here is to find the unknown Db(s,b) coefficient by applying the equations presented before if the concentration field is known (mostly from tracer measurements).
As the first step the distribuations m(b) are determined in the cross-sections of observation. Hereafter taram(b) is found either from Eq. (8) , or from Eq. (10) , using the adjacent upstream and downstream cross-sections [see 14) . Two alternative ways can then be followed for determining Db. Among the two methods presented i) is essentially equivalent with the generalized change of the moment method. It is slightly more complicated but less sensitive on measurement and computational errors. Method ii) is more general but careful smoothing technique is needed when evalua ting it to limit the error propaga tion.
Comparison of numerical and observation results
To study the process of mixing and to illustrate the applicability of the methods developed, tracer measurements have been carried out on different streams comparing the numerical results with those observed. The results obtained by Holley [4] The tracers used included dye solutions (Rhodamine B, methylene blue, Na-Fluoresceine) and occasionally a solution of sodium chloride. The tracer was injected as a point-, or vertical line source at a steady rate, virtually at the same velocity as that of the ambient flow.
The concentration was measured in most of the cases by discrete sampling at 7 to 10 verticals in each cross section and at 3-5 points in each vertical. The results were ther averaged over depth, the values normalized in the knowledge of the tracer flux M measured independently. Velocities were measured by means of different current meters depending on the size and character of the stream studied.
For evaluating the measurement data and for comparing them with the numerical results, the coefficient Db was always determined first, using Eqs. (16) - (18), then the concentration field employing the numerical method outlined before. This procedure differs from the simultaneous estimation of Db and c often applied since it shows the correctness of the two independent methods. However, because the estimated Db is used in the second step of the analysis as input generally a good agreement should be expected between measured and computed concentrations. velocity increased in flow direction res ulting in also a sim ilar pattern in the dispersion coefficient. Dye measurem e nts we re performed by using central-and side injections. Db was calculated from Eqs. (16) a nd (17) alike, but the formation of mb2 /ds caused higher uncertainties in the latter case. For injection along the bank the Db values we re consistently higher (d = Db/ Hu* was 0.08 and 0.12). Although Db(s) was not constant the measured concentration distributions were of Gaussuan character and the numerical calculations reflected them very well.
A2. The IJssel model
The arrangement of the model, the cross-sections of measurement , typical velocity-and depth distributions, further the computed plume contours pertaining to two different injection modes are shown in Fig. 4 . The concentration distributions observed for injection at the bank are shown in Fig. 5 (see [4) ). The evaluation has been based on the investigations of Holley, who has determined the dispersion coefficient among others under the assumptions Db(s ,b) = const. and Db(s ,b) = k h Vs, calculating therefrom the concentration field. The agreement between the calculated and observed values in the 10-15 cm wide range along the bank was unsatisfactory in each case , as illustrated also by the results shown for cross-section No. 2 in the figure. Holley has attributed this fact first of all to the transverse variations of Db, the character of which is not described correctly by the expression k h Vs (see Fig. 5 ). Moreover, the results seem to imply non-conservative properties of the numerical method applied (Fig. 5) .
In the present investigations Db(s,b) has been determined from Eq. (18), imposing no restriction whatsoever concerning the shape of Db(s ,b). The result for cross-section No. 2 has also been entered as an example in Fig. 5 . The functions Db(b) obtained have hereafter resulted in very good agreement between the observed and calculated concentrations (Fig. 5 ).
Bl. The Kis-Raba river The experimental stretch, the point of injection and the mass streamlines calculated are shown in Fig. 6 . The typical velocity-and depth distributions in the first few cross-sections are sho.wn in Fig. 7 . The tracer was injected as a point source and became uniform over depth within 50 m. The concentration distributions obtained by measurement are shown in Fig. 8 . For the coefficient Db the value 0.011 m2s-1 (d::: 0.16) has been obtained from Eqs. (16) and (17) alike, again with good agreement between the cbserved and calculated concentrations. The role of the velocity field should, however, be emphasized here. For instance, unless the distribution vs(b) in cross-section No. 1 is known (Fig. 7) , it must be interpolated between the adjacent upstream and downstream cross-sections. As a consequence thereof, the approximations calculated will differ strongly from the observed values.
B2. The Danube
The experiment has been carried out upstream of Budapest , in the Vac Branch of the Danube, over a practically straight river stretch, in the vicinity of the right-hand bank.
(For details see [14] - [16] .) In the range of the plume, the calculated shape of which is shown in Fig. 9 , the water depth ranged from 2-3 m, the flow velocity from 0.65 to 0.80 ms-1, while the standard deviations of velocity from 0.04 to 0.09 ms-1. The tracer was injected as a point source at mid-depth, and became uniform over depth practically within 100 m distance. Concentrations were measured in six cross-sections situated within a distance of 800 m (Fig. 9) . The dispersion coefficient found from Eq. The longitudinal variations of highest concentration are shown in Fig. 10 . When using Db(s) the agreement between the observed and calculated values , as well as that of the transverse distributions (see [16] ) is a very good one. The agreement is less satisfactory when using the mean value of Db in the calculation (Fig. 10) , and to illustrate the sensitivity of the solution the results pertaining to Db coefficients increased and reduced by 50 per cent have also been entered.
Evidently, the accuracy of the coordinates calculated is also of considerable importance, as illustrated in Fig. 9 by the points of peak concentration observed. These depart in the last two cross-sections from the calculated location, in that Cmax is observable along the central mass streamline practically over the entire length. The difference is due to the sudden change in the river bed around 500 m from the source round 100 m from the bank-line , the influence of which is not reflected truly by the streamlines calculated from the velocity distributions. (The error in direction is slightly less than 7 degrees.)
The application of the mixing model presented for a conservative material discharged by one of the tributaries, in combination with surface profile calculation over a round 60 km long stretch of the Danube has been described elsewhere (16] . The main conclusion of this study was that the dimensionless dispersion coefficient had to be increased as compared to the measurement results (approximately to d = 0.6) to get a good agreement with observed concentrations. The reason lies in the fact that the length of the dye measurements (Fig. 9 ) was relatively short to the width of the river (-500 m). Thus Db involved the contribution of non-uniformities along verticals in the region of the plume ( ~ 50 m width) only, but not over the whole cross section.
Limitations to the two-dimensional approach 'The dispersion coefficient
Consider first the series of equations defining the dispersion coefficient introduced after integration over depth:
in which the asterisk denotes the measured deviations from the depth-integrated value. The first terms reflect the effect of turbulence, the second terms that of non--uniformities in the vertical. Both, and thus their sum, have been described by a Fick type law (Db = Dbt + tJ. Db).
Two different limiting factors will be considered subsequently, which result i) from the difficulties associated with the determination of the coefficients involved in the governing equation and ii) from the three-dimensional character of the phenomenon. (6] ) is often unsatisfactory, while mean values for Db can at the most be assumed instead of Db(s,tJ.As a consequence, no more than limited accuracy could be expected from the solution, so that interest has been concentrated on an overall description of mixing, on the determination of the principal characteristics (plume width, the average concentration related thereto, the mixing length, sensitivity, etc.).
ii) The second limitation results from the assumption under Eq. (19) , and from the indtroduction of the concept of dispersion. The mathematical problem is substantially simplified thereby , but it is usually impossible to verify their validity. The transport ~*vt) reflecting to three-dimensional effects may be of a kind differing from assumed one, amplifying in some parts of the flow (Db> Dbt) and diminishing in other parts (Db< Dbf) the effect of turbulence. In extreme cases Db may even become negative (see [2] and 11]). Under such conditions, further where Db fluctuates strongly in the plane, the two-dimensional approach is obviously inapplicable. Similar experiences have been made during the investigations A3, and B3. One of the results obtained in the experiments in the strongly curved laboratory flume is shown in Fig. 11 . Contrary to expectations, the peak velocities occurred along the inner, rather than the outer side of the cµrve. The secondary currents developing could clearly be traced by velocity component measurement and resulted, logically, in considerable transverse slopes. From the concentration distributions observed it will be appreciated in agreement with the results of Chang [2] that the edge of the plume separates from the wall, the line of peak concentrations approaching the center line of the flume. Assuming the validity of a Fick-type law , it is impossible to describe this behaviour in two dimensions. The dispersion coefficient varies depending on secondary flow, the average over the full stretch being d ? 0.35 according to Eq. (17) . Over the section 0-1 its value is small Using the available and future data it is, therefore, considered logical to attempt a description of Db by combining the parameters Dbt/Hu* and llDf/Bu*, which can be correlated separately with different hydraulic and geometric quantities.
The elimination of both kinds of limitations mentioned in this section can be expected from adopting a three-dimensional approach which incorporates also an appropriate turbulence model.
Conclusions
Transverse mixing has been studied by introducing the concept and equations of mass streamline. Dye measurements were performed on several streams and the results compared to the calculated concentrations. The conclusions are as follows: i) The methods derived are well suited to calculating the concentration field and the transverse dispersion coefficient.
ii) In the absence of sudden changes in channel geometry, and of strong curvatures, there was satisfactory agreement between the calculated and observed values. However, the agreement depended in closeness on the accuracy of the velocity field and the dispersion coefficient involving aslo their spatial changes, especially if near bank discharges Mesures de concentrations e t de vitesses en laboratoire. Cas de meandres were considered. Since no adequately supported method is thus far available for determining the velocity field and the variable dispersion coefficient, the dispersion model can be applied mainly for an overall description of the phenomenon.
iii) In the presence of sharp bends, expansions and concentrations, the effect of turbulence on mixing is amplified or diminished by the secondary currents developing. The dispersion coefficient fluctuates accordingly in both directions considerably, assuming potentially even negative values. In such cases the two-dimensional treatment cannot be successfully applied and a generalized, three-dimensional approach involving the equations of motion and continuity, further the turbulence model is alone likely to be successful. iv) In the experiments on the various streams the ratio 8/H ranged from 3.5 to 100. Values from 0.08 to 1.6 have been obtained for the dimensionless dispersion coefficient Db/u*H. It is suggested for the future to correlate Db with different geometric and hydraulic parameters to establish the contribution of friction and secondary currents, re spec ti vely.
